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The OPERA collaboration recently reported that muon neutrinos could be superluminal.
More recently, Cohen and Glashow pointed that such superluminal neutrinos would be sup-
pressed since they lose their energies rapidly via bremsstrahlung. In this Letter, we propose
that Finslerian nature of spacetime could account for the superluminal phenomena of par-
ticles. The Finsler spacetime permits the existence of superluminal behavior of particles
while the casuality still holds. A new dispersion relation is obtained in a class of Finsler
spacetime. It is shown that the superluminal speed is linearly dependent on the energy per
unit mass of the particle. We find that such a superluminal speed formula is consistent with
data of OPERA, MINOS and Fermilab-1979 neutrino experiments as well as observations
on neutrinos from SN1987a.
Recently, the OPERA Collaboration [1] reported some evidences that muon neutrinos could
propagate superluminally. The speed difference between neutrinos and light is reported to be
δv := v − 1 = (2.48 ± 0.28(stat.)± 0.30(sys.))× 10−5 (1)
with a significance of 6σ. Here, we used the natural units as c = 1. The data could be split into
two groups and the superluminal speed difference could be given by
δv =


(2.16 ± 0.76(stat.)± 0.30(sys.))× 10−5 , for 〈E〉 = 13.9 GeV ;
(2.74 ± 0.74(stat.)± 0.30(sys.))× 10−5 , for 〈E〉 = 42.9 GeV .
(2)
Some earlier experiments gave similar reports on the superluminal phenomena of neutrinos. How-
ever, these earlier experiments have lower significance than OPERA experiment. The MINOS
experiment [2] in Fermilab claimed that the superluminal speed difference was
δv = (5.1 ± 2.9(stat. + sys.))× 10−5 (68% C.L.) , (3)
−2.4× 10−5 < δv < 12.6 × 10−5 (99% C.L.) (4)
for muon neutrinos with energies around 3 GeV in 2007. Claims from the earlier Fermilab experi-
ment in 1979 (Fermilab1979) show that the superluminal speed difference is at the similar order of
210−5 for muon neutrinos with energies from 30 GeV to 120 GeV [3, 4]. In addition, the observations
of electron neutrinos from Supernovae-1987a (SN1987a) set an upper limit for the superluminal
speed different at the order of about 10−9 for neutrinos with energies around 10 MeV [5].
There have been many works (an incomplete list is [6–10]) to explain the superluminal behaviors
of neutrinos soon after the report of the OPERA Collaboration. It has been well known that
Einstein’s special relativity refuses that the particles move faster than the speed of light and then
refuses the existence of superluminal phenomena. Especially, it is worthwhile to note the work
by Cohen and Glashow in which they pointed out that such superluminal neutrinos would be
suppressed since they lose their energies rapidly via the bremsstrahlung of electron-positron pairs
(ν −→ ν+e−+e+) [7]. Thus, if the reported superluminal behaviors of neutrinos is true, Einstein’s
special relativity should be amended in principle. Minkowski spacetime is the base of Einstein’s
special relativity. To account for the superluminal phenomena, one new type of spacetime structure
as well as special relativity based on it is required and essential. In such a new spacetime, the
so-called superluminal speed should still hold the casuality. This means that the speed of particles
should be slower than the casual speed.
Finsler spacetime [11, 12] provides a reasonable framework to solve the superluminal problem
mentioned above. It is the generalization of the Riemann spacetime without constraint on the
quadratic form of the metric, which introduces new characters into the spacetime background.
The geometry of Lorentz invariant violation has been studied [13], which often points to the
deformed dispersion relations derived from Finsler geometry [10, 14]. The casual structure has
also been studied in Finsler spacetime and the possibilities of superluminal behaviors of particles
have been pointed in bimetric Finsler spacetime in reference [10, 15]. It is noted that the so-called
superluminal behaviors in Finsler spacetime do not contradict with causality, and the causal speed
could be faster than 1. Therefore, the law of causality consists with the superluminal neutrinos in
such a new spacetime. It is well known that the Lorentz group is replaced by its proper subgroup
in very special relativity (VSR) proposed by Cohen and Glashow [16] in 2006. Soon after that,
the line element of VSR was proved to be of Finslerian type [17], which makes VSR becomes
a Finslerian special relativity. Another example of Finslerian special relativity [18] resides in
Randers spacetime [19]. In Randers spacetimes, there is one more extra 1-form than Minkowski
spacetime, which introduces Lorentz invariant violation. The symmetry and special relativity in
Finsler spacetime with constant curvature have been studied systematically [20]. Finsler geometry
has been shown powerful in the studies of gravity and cosmology to resolve the anomalies of the
standard theories [21].
3In this Letter, we propose that the spacetime background should be described by a class of
Finsler spacetimes. We study the kinematics and causal structure, and reveal the superluminal
phenomena of neutrinos in such a Finsler spacetime. The new dispersion relation is obtained. It
is found that superluminal speed of a particle is approximately linearly dependent on the energy
per unit mass. The formula is consistent with data of the current muon neutrino experiments.
Furthermore, the theoretic prediction is also consistent with the observations on electron neutrinos
from SN1987a. It is worthwhile to note that evidences of the superluminal speed difference with
linear energy dependence have been presented from best fitting for experimental data in previous
works [8, 9].
In Einstein’s special relativity, the line element of Minkowski spacetime is given by
ds = F¯ dτ =
√
ηµνyµyνdτ , (5)
where ηµν = (+1,−1,−1,−1) is the metric tensor of Minkowski spacetime. The over-bars denote
that the objects exist in Minkowski spacetime. It is obvious that Minkowski or more generally
Riemann spacetime is a special case of Finsler spacetime. Let the canonical 4-momentum of a
particle with mass m be defined as
p¯µ := m
∂F¯
∂yµ
=
myµ
F¯
. (6)
Then the energy and the 3-momentum could be defined as
E¯ :=
√
η00p¯0p¯0 , (7)
P¯ :=
√
−ηij p¯ip¯j . (8)
The speed of a particle in Minkowski spacetime could be given by
v¯ :=
P¯
E¯
. (9)
The kinematics in Finsler geometry [11, 12] originates from the integrals of the form
∫ b
a
F (xµ, yν) dτ , (10)
where xµ denotes position and yµ := dxµ/dτ denotes velocity of a particle. Note that Greek letters
run from 0 to 3 and Latin letters run from 1 to 3 in this Letter. The Finsler structure F (x, y)
is defined on the slit tangent bundle TM \ 0 instead of the manifold M . A Finsler structure is a
positive-definite function with the property of positive homogeneity of degree one [11]
F (x, λy) = λF (x, y) , (11)
4for all λ > 0. Associated with a Finsler structure on the slit tangent bundle, a manifold could be
viewed as a Finsler manifold. The metric tensor in Finsler manifold is defined as an n×n Hessian
matrix of the form:
gµν(x, y) :=
∂
∂yµ
∂
∂yν
(
1
2
F 2
)
. (12)
The metric tensor is used to lower and raise the indices of vectors and tensors together with its
inverse.
We follow the ordinary definitions of canonical energy-momentum and speed of the particles
while suppose that spacetime structure is described by the one in Finsler spacetime, which depar-
tures mildly from the Minkowski structure. In this Finsler spacetime, the spacetime background
is described by the line element of the (α, β) type [22]
ds = F (yµ)dτ =
(
α+A
β3
α2
)
dτ , (13)
where
α =
√
ηµνyµyν , (14)
β = bµy
µ . (15)
Here, bµ denotes the constant vector (1, 0, 0, 0) and A denotes one tiny positive dimensionless
constant (A ≪ 1). This means that there is just a mild extension to Einstein’s special relativity,
and it is obvious that this extension would vanish in the case that A = 0. In addition, this
spacetime is contained in the class of so-called locally Minkowski spacetime [11] which is flat in
Finsler geometry.
First, we should study the null structure F = 0 in this Finsler spacetime. The null structure
would give the causal structure of the spacetime background or the dispersion relation of the
massless particles. The 4-velocity of a massless particle in Finsler spacetime could be defined as
uµ :=
∂F
∂yµ
, (16)
with normalization F = 0. The null structure could be revealed as
gµνuµuν = F
2 = 0 . (17)
We could rewritten this null structure to be
α2 + 2A
β3
F
≈ 0 , (18)
5and then renormalize this equation with F as what we do in Einstein’s special relativity
ηµν
dxµ
dλ
dxν
dλ
+ 2A
(
dx0
dλ
)3
= 0 , (19)
where we have neglected the terms of higher orders in A. In addition, the parameter λ denotes the
corresponding affine parameter after the normalization with F . This null structure is illustrated
schematically in Fig.1. Then, we obtain the causal speed in this Finsler spacetime to be
FIG. 1: A schematic plot for the Finslerian null structure. The dashed line denotes the null structure in
the Einstein’s special relativity and the real line denotes the one in Finsler spacetime. It is obvious that the
null structure is enlarged in this Finsler spacetime.
vc =
√
−ηij
dxi
dλ
dxj
dλ√
η00
dx0
dλ
dx0
dλ
≈ 1 +A
dx0
dλ
. (20)
This null structure and causal speed in Finsler structure are enlarged in comparison to the ones in
Minkowski structure since the parameters A is a positive constant.
In the following, we step forwards to the discussions on the kinematics of particles with mass in
the Finsler spacetime. The action of a free particle with mass m in Finsler spacetime is given by
I =
∫
Ldτ = m
∫
F (yµ)dτ . (21)
Similarly as that in Minkowski spacetime, the canonical energy-momentum in Finsler spacetime
could be defined as
pµ := m
∂F
∂yµ
, (22)
with normalization F (y) = 1. Then the new dispersion relations in Finsler spacetime is of the form
gµνpµpν = m
2 . (23)
6It is always hold since the Finsler structures are homogeneous of order one. Thus, we obtain the
new dispersion relation with Finslerian line element (13) as
ηµνp
µpν +
2A
m
(
p0
)3
= m2 , (24)
where we have neglected the terms related to A in higher orders than two.
From the dispersion relation (24), we could get the speed of a particle as
v = 1−
1
2u2
+Au , (25)
where, for convenience, we have written the speed of a particle as function of the energy per unit
mass u := E
m
. It is obvious that the particles could propagate faster than 1 when the constant A is
positive. Furthermore, this speed of particle is not contradictory with the causal speed since it is
slower than the causal speed by an extra positive term 1
2u2
. So that the causality still holds while
permits existence of superluminal neutrinos in the Finslerian special relativity.
The upper limit of muon neutrino is at the order of 0.01 eV [23]. We can neglect the term 1
2u2
in
Eq.(25) if the energies of neutrinos are higher than 1 MeV. From the Eq.(25), the speed difference
between the speed of neutrinos and 1 is approximately
δv = v − 1 ≈ Au , (26)
which is linearly dependent on the energies per unit mass of the particles u. The prediction for the
speed difference formula (26) is revealed in Fig.2. This predicted result could be compared with the
data of OPERA [1], MINOS [2] and Fermilab1979 [4] muon neutrino experiments. It is clear that
the Finslerian special relativity is consistent with these experiments on superluminal neutrinos and
the parameter A is constrained to be at the order of 10−18. In addition, the superluminal speed
difference is found to be at the order of 10−9 for neutrinos with energies around 10 MeV, which is
also consistent with the observations on electron neutrinos from SN1987a. Furthermore, the latest
Michelson-Morley experiment [24] showed that Lorentz invariant violation for photons with lower
energies 0.1 eV was limited to be less than 10−16. This result is also consistent with the predictions
of Finslerian special relativity.
Conclusions and remarks are listed as follows. In this Letter, we have shown that Finsler
spacetime permits the existence of superluminal behaviors of particles. A Finsler structure (13)
was proposed to describe the spacetime which mildly departures from the Minkowski one. The null
structure was studied and the causal speed was obtained. It is found that the null structure and
causal speed is enlarged in this Finsler structure. The new dispersion relation (24) was obtained in
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FIG. 2: The plot for predicted speed difference formula (26). The data of OPERA [1] (solid bars), MINOS
[2] (dashed bars) and Fermilab1979 [4] (dotted bars) on muon neutrino experiments have also been revealed
for comparison with this prediction. The parameter A is set to be 7× 10−18.
such a Finsler spacetime. Then we investigated kinematics in this Finsler spacetime. It was found
that the Finslerian special relativity admits the superluminal phenomena and could account for
the reported superluminal behaviors of neutrinos. In the new speed formula, there is one unique
parameter A which leads to Lorentz invariant violation. The superluminal speed difference formula
is linearly dependent on the energies per unit mass of particles. We compared this formula with the
data of the OPERA, MINOS and Fermilab1979 muon neutrino experiments in Fig.2. It was found
that the Finslerian speed formula is consistent with the data of these neutrino experiments and the
parameter A was constrained to be order of 10−18. Furthermore, we showed that the Finslerian
special relativity is also consistent with the superluminal constraint set by the observations on
electron neutrinos from SN1987a.
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